ASYMPTOTIC ANALYSIS OF MHD SYSTEMS 
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Abstract. In this paper, we study the convergence of strong solutions of a Magneto- 
Hydro-Dynamic system. On the torus T 3 , the proof is based on Schochet's methods, 
whereas in the case of the whole space R 3 , we use Strichartz's type estimates and a 
product law's 2D x 3D. 



1. Introduction 

In this paper we study unique local existence and asymptotic behaviour of solutions for 
the MHD system, see [6], 

Otu + u.S/u Au H curl(o) x e curl 6 x b = 

£ £ £ £ £ 

/\ f~f g' 

dtb — + u.Vb — b.Vu — curl — - — = 

o a 

div u = 0, div 6 = 

in x r2 x , where f2 is the whole space M 3 or the torus T 3 := M 3 /Z 3 ; u is the velocity 
field, b is the magnetic field and e, e' are two fixed vectors. The parameters E, e, A and 6 
represent consecutively the Ekman number, the Rossby number, the Elsasser number and 
the magnetic Reynolds number. We notice that these parameters satisfy, according to [6], 

£ -» 0, A = 0(1), £0 -> and E ~ e 2 . 

These equations modalize the magneto-hydro-dynamic flow in the Earth's core which is 
believed to support a self-excited dynamo process generating the Earth's magnetic field. 
Here, we present the analytical study of a simplified problem where we choose E = e 2 , 
A = e 3 / 2 , 6 = e -1 / 2 and e = e' = — e3. Then, we can see that our system take the following 
form 



(MHD £ 



XL X 63 

<9f-u — eAu + -u.Vu — curl (b) x b + ^/ecurl (6) x e3 H = — Vp 

9(6 — ^/eAb + u.V6 — 6.Vn + y/ecurl (ti x 63) = 

div u = 0, div 6 = 



The goal of this study is to find the "limit system" when e goes to zero. 
We denote by P the L 2 orthogonal projection on divergence- free vector fields. Applying P 
to the first equation of (MHD £ ), then one can see that U £ = (u e , b £ ) is a solution of the 
following abstract form 

( ~ £) f d t U + Q(U,U) + a e 2 (D)U + L £ {U) = in R+ x Q x 

^ ' \ divu = 0, div 6 = 0, 

where the quadratic term Q is defined by 
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Q(U, U) = (P(u.Vu) - P(b.Vb), u.Vb - b.Vuj , 

the viscous term is 

a £ 2 (D)U =( y - sAu, -VeAb^j , 
and the linear perturbation L £ is given by 

In the literature, a^D) is elliptic and, in the case of a rotating fluid L £ = with L a 
skew-symmetric linear operator. 

Singular limits in system such as (S £ ) have been studied by several authors. In the 
hyperbolic case, namely a|(-D)C7 = 0, A. Babin, A. Mahalov and B. Nicolaenko pQ studied 
the incompressible rotating Euler equation on the torus. Using the method introduced 
by S. Schochet (see PHj and [To] ). I. Gallagher studied in [8] this problem in its abstract 
hyperbolic form. In the case of the incompressible rotating Navier-Stokes equation on the 
torus, it is shown (see pQ and [9]) that the solutions converge to a solution of a certain 
diffusion equation. Moreover, for a special initial condition, there exists a sequence of 
solutions convergent to a solution of a two dimensional Navier-Stokes equation. Motivated 
by this case, J. Y. Chemin, B. Desjardin, I. Gallagher and E. Grenier studied in [S] the 
incompressible fluids with anisotropic viscosity on the whole space, the key of their proof 
is an anisotropic version of Strichartz estimates. We refer to I. Gallagher [7J for the study 
of the abstract parabolic form. Among others, we also refer to the basic results of [S], [7J, 

0, nm, no, n M- 

Notice that the existence results follow directly from the Friedrichs's method and the 
energy estimates. Following the approximation scheme of Friedrichs, we shall prove in 
section two global existence of "Leray's solutions" and local existence of strong solutions 
on uniform time; namely solutions defined by the following results. 

Theorem 1.1. Let e > and Uq = (uo,bo) G _L 2 (fi) such that 

div uq = 0, div bo = 0. 

There exists U £ := (u £ ,b £ ) a solution of (MHD e ) with U £ G L°°(R + ,L 2 ) n L 2 (R + , H 1 ). 
Moreover, U £ satisfies the following energy estimate. For all t > 0, 

(1.1) \\U £ (t)\\l 2{n) +2e 1^ \\Vu £ \\l 2 +2V~e 1^ \\Vb £ \\ 2 L2 < \\U \\ 2 L2 . 

Theorem 1.2. Let Uq = («o,&o) £ H S (Q) with s > | + 2 an integer, such that 

div uq = 0, div bo = 0. 

Then there exists T > 0, and a constant C > such that for all e G]0, 1[, there exists a 
unique solution U £ := (u £ ,b £ ) € C^(H S ) D L\(H S+1 ) of system (MHD e ) satisfying ; for 
all t G [0, T] 

(1.2) \\U £ (t)\\ 2 Hsm + 2e \\Vu £ \\ 2 Hs{n) + 2^ j o ||W|| 
Moreover, if \\Uq\\h s < ce (c := ^?), then the solution is global. 

We are interested now to seeing the limit of strong solutions of the (MHD) system when 
e goes to zero. Since dtu £ is not bounded in e, one cannot take the limit directly in the 
system, and then the classical proofs (see for example [16j.[17j) no longer work. 
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• In the case CI = T 3 , a method to get round this difficulty is to use the group C(t) associ- 
ated with the operator L(u) := P(u x 63). We consider the filtered solution v £ := C{—-)u £ 
and we look for the limit system in V satisfied by the "eventuel" limit of {v £ , b £ ), 



(LS) 



where 



d t v + q°(v,v) -P(6.V6) = 

dtb + v.Vb - b.Vv = in M t + x T 3 

(v,b)/ t =o = (u ,b ) 

div v = div b =0, 



in V' 



q°(v,v) := lim£(--) [pf (£(— )v).V(C(— )v)\ 

£ £ L V £ £ J. 

and here, we have denoted f{x\,X2) = J f(x\, X2, ^3)^x3 and f osc = f — /. 

The system (LS) is taking in the sobolev space, precisely we have the following result. 

Theorem 1.3. Let s > | + 2 be an integer and Uq = (uq, bo) 6 H S (T S ) such that div uq = 
0, div bo = 0. Then there exists T > 0, and a unique solution (v,b) £ Cj,(H s ) of system 
(LS). 

More, precisely we have the following convergence result. 

Theorem 1.4. Let s > | + 2 be an integer and Uq = (uq, bo) £ H S (T 5 ) such that div uo = 
0, div bo = 0. We denote by U £ = (u £ , b £ ) the family of solutions of (MHD) given by 
Theorem \l.£k Then, for all s' < s, 



U £-C(l) v = (i) i n Lf(H s '(T 3 )) 
b £ -b = o(l) in L^(H S (T 3 )), 

where (v,b) is the solution of (LS). 

• In the case fi = M 3 , we have the following result 

Theorem 1.5. Let s > | + 2 be an integer and Uo = (uo,oo) £ H S (M. 3 ) such that 
div uo = 0, div bo = 0. We denote by U £ = (u £ ,b £ ) the family of solutions of (MHD) 
given by Theorem Then, for all s f < s 



o(l) in L*(C S -2 



b £ -bo = o(l) in L^{H 

Since the limit of the system (MHD) is the bidimensional Navier-Stokes equations, it is 
natural to consider initial data of the type (uq, bo) = (uo + wq, bo), where uo = u~o(xh) and 
w = wo(x h ,x 3 ),b = b (x h ,x 3 ) (see [5]) . 

Before stating the results, it will be useful to consider the following system 

{d t u - eAu + u.V h u = -(V h p,0) in RfxR 2 h 
div h u = 

u/ t =o = uo- 

Using the classical Friedrich's scheme, we can prove the existence of strong solutions on 
uniform time for the system (NS2D £ ). Precisely, we have the classical result 

Theorem 1.6. Let uq £ ^^^(M 2 )^ be a divergence-free vector field with a > | + 2 

an integer. Then there exists Tq := such that for all £ > 0, there exists a 

C{o-)\\u \\h° 



unique solution u £ G C^ Q H a (R 2 )) D L\ q (H 

te[o,T ] 
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<r+lf|n>2 



)) of system (NS2D e ) satisfying; for all 



H° 



+ 2e I \\Vu £ \\ 2 H <r < 2\\uo\\h*- 



We pose 



(2D x 3D) 



(«o,&o) 
div h u 
u 
Wq 
bo 
with 



(uq + w 0l b ) 
div wo = div bo = 
uoOfc) G H S+1 (R 2 ) 
w (x h ,x 3 ) G # 
^0(^,^3) G # s 



s > | + 2 an integer. 



We suppose the condition is satisfy and we denoted (u £ ) the family of solutions of (NS2D). 
Now we considered the following system 



(MHD3D £ 



( 1 

d t w — eAw + -w x e 3 + \^edsB - B.VB = -Vpi 

e 

d t B - ^feAB + y/ed 3 w + (u £ + w).X7B in 

-B.V(u £ + w) = 

(w,B)(p) = (w ,bo) 

(div w, div B) = (0,0). 



[0,T ] x 



Theorem 1.7. Suppose that the condition (2D x 3D) is satisfied. There exists < 7i < 
To suc/i t/iot /or a// e > 0, there exists a unique solution (w £ ,B £ ) G L!^?(.£P(IR 3 )) n 
(iP +1 (IR 3 )) 0/ system (MHD3D e ) satisfying ; for all t G [0, 71] 

\ 2 Hs + \\B £ (t)f Hs + 2s f \\Vw £ \\ 2 Hs +2^ f \\VB £ \\ 2 HS <2\\(wo,b )\\ 2 H s. 
Jo Jo 



w 



Morowever 



uu 



in L 4 ([0,Ti],C s '-2(M 3 )) ; Vs' < s. 



Theorem 1.8. Suppose that the condition (2D x 3D) is satisfy. 

Then, for all e > 0, i/iere exists a unique solution (u £ ,b £ ) of the system (MHD e ) such 
that 

u £ - u £ , b £ G L??(# S (M 3 )) n L^(H a+1 (R 3 )). 
Moreover, we have for all t G [0, T\], 

\\u £ (t)-u £ (t)\\ 2 H s + \\b £ (t)\\ 2 Hs +2e I \\V{u £ -u £ )(t)\\ 2 H s dr+2^1 f \\Vb £ \\ 2 Hs dr < 2\\(w ,b ) 

Jo Jo 

Now we are ready to state the main convergence result in the case of the whole space M 3 . 



s > I + 4 an integer. Then, for all s' > s 



Theorem 1.9. We keep the same hypothesis as in Theorem \1.8\ above and we suppose 
3 
2 



u £ - u £ - w £ = o(l) in L^(H S '(R 3 )) 

b £ -B £ = o(l) in L??(ir'(M 3 )). 

The structure of this paper is as follows. In the next section, we present the proofs of the 
existence theorems (Theorem ll.lt . The third section is devoted to the proof of the 
convergence result in the case f2 = T 3 (Theorem ll.4p and the study of the system (LS) 
(Theorem II. 3D . In the final section, we consider the case of the whole space R 3 ; We give 
the proof of the Theorems Ol OI Ol Ol 
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2. Existence results 
2.1. Proofs of Theorems 11.11 and 1 1 . 2l In this section we shall prove Theorems 1 1 . 1 1 and 

We begin by observing that using the energy methods, one can prove global existence of 
so-called "Leray's solutions" for the system (MHD £ ). The crucial fact is the following 
L 2 -energy estimate 

(2.3) \\U%t)\\ 2 L2 + 2 £ f ||Vn e (r)||| 2 dr + 2^1 f || W(r)||| 2 dr < ||[/ ||| 2 . 

Jo Jo 

We now turn to the case of strong solutions. Let us introduce, for a strictly positive integer 

n, the Friedrich's operator J n defined by: 



J n u = T 



1 (^-B(0,n)H U )) ■ 



After this definition, we consider the following approximate Magneto-Hydro-Dynamic sys- 
tem (MHD n ) 

d t u n - eAJ n u n + J n div (J„u n 8> J n u n ) - J n div (J n b n <g> J n b n ) + ^d 3 (J n b n )+ 
VA _1 div ( J n div ( J n u n (g) J n u n ) - J n div (J n b n (g> J n b n ) + 



e v e 

dtb n - \/eAJ n b n + J n div {J n u n <g> J n b n ) - J n div (J n b n (g) J n u n ) + y/ed 3 (J n u n ) = 0, 

{u n \t=o, b n \t=o) = (J n uo, J n bo). 

By the theory of ordinary differential equations in H s we know that the system (MHD n ) 
has a unique maximal solution U n := (u n , b n ) in the space C 1 ([0, T*(s)[, H s ). Using unique- 
ness and the fact that div u n = div b n = and J 2 = J n we can re-write the system 

d t u n - eAu n + J n (u n .Vu n ) - J n (b n .Vb n ) + ^fsd 3 b n + " w = 

(MHD n ) { VA _1 div ^J n div (u n <g> u n ) - J„div (b n <g> b n ) + — J , 
dtb n - \/eAb n + J n (u n .Vb n ) - J n (b n .Vu n ) + yfed 3 u n = 0, 
(u n \t=o,b n \t=o) = {J n uo, J n bo)- 
To continue the proof, we recall without proof the following product law. 

Lemma 2.1. Let a > | + 2 be an integer and a, b and c three vectors field in H cr (Q) such 
that div a = 0. Then, a constant C exists such that 

\<a.Vb,b> H ,\ < C||Va|| ir a-i||V&||!p r _ 1 

\< a.Vb,c > H a + < a.Vc,b > H <?\ < C\\Va\\ H a-i ||V6||^<t-i ||Vc||^ ct -i. 

(See the Appendix for the proof of the lemma.) 

We take the scalar product in H s and we use the lemma above, we obtain for all t £ 
[0,T*( £ )[, 

(2-4) ~\\U n (t)\\h+4^Mmh + ^\\yb n (t)\\ls <C\\VU n (t)\\h-i- 

Then 
(2-5) 

\\U n (t)f H .+2e f \\Vu n {r)f H ,dr+2y/I [ \\Vb n (T)\\ 2 Hs dT < \\U f Hs +C [ ||W n (r)||^_ lC ZT. 
Jo Jo Jo 



We set T(n,e) := Sup{0 < t < T*(e); Vr e [0,t], \\U n (r)\\ H s < 2\\U \\ H °}- Using ([23 
and Gronwall lemma we obtain, for all t 6 [0, T(n,e)[ , 

\\U n (t)\\ 2 H s < ||i7o||^exp(2Ci||C/o||^). 
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Thus, 

T( "' e)>T:= »: >a 

Moreover, for all t G [0,T], 

(2.6) \\U n {t)\\ 2 H s+2e [ \\Vu n (T)\\ 2 H s dr + 2^~e [ ||V6 n (r)||| s dr < 2\\U Q f H ,. 

J o J o 

Now, the problem is to pass to the limit. Using Ascoli's theorem, the Cantor's diagonal 
process as in Navier-Stokes equations (see [I]) and the estimate (|2.6p . we obtain a solution 
satisfying, for all t G [0, T], 

(2.7) \\U £ (t)\\ 2 HS + 2e f \\Vu £ (t)\\ 2 H s dr + 2^1 f ||W(r)||^ dr < 2\\U \\ 2 H s. 

Jo Jo 

This regularity implies in a standard way the uniqueness. It remains to prove the global 
existence when the initial data is small enough. We assume now that ||t/o||_f/ s < ce, 
(c = and we set 

T n {e) := Sup{0 < t < T*(e); Vr G [0,t], \\U n {T)\\ H > < ce}. 

Using ([23]), it suffices to show that T n (e) = T*(e). By QMS) we have ^\\U n \\ 2 H s(0) < 0, 

then there exists t n > such that ||i7 n (£ n )||Hs < ce. Since the quantity ||i/ra(*)||.H' s is 
decreasing on [t n ,T*(e)[, then T n (e) = T*(e). This achieves the proof. ■ 

3. The case <> T 3 

Let (U £ ) be a family of strong solutions of the system (S £ ) with initial data Uq. To take 
the limit when e — ► 0, the classical proofs no longer work because (c\u e ) is not uniformly 
bounded. An idea (as in [15] for instance) is to "filter" the system by the group C{t) 
associated to L. 

In what follows, we recall some properties of the Coriolis force L(u). We consider, as in 
[9], the "wave equation" 

d t u + L(u) = in R t x T|, 
■u(O) = uq with div u$ = 0. 

Lemma 3.1. The above system has a global solution denoted by u(t) = C(t)uQ, such that 
for allsER and for all u G H S (T 3 ), 

\\^-(t)uo\\H s (T 3 ) = \\ u o\\h°(t3) and H^W^olltf"^) = ||wo||h s (T3)- 

Moreover, if we denote by k = (kx, k2, k%) the Fourier coordinates, then u is explicitly given 
by 

Fu^ik) = eyiY>{iu){k)t){J : u(Q,k),v^)v^ + exp(-iw(/c)t)(J r M(0, k), v k )v k , 
where uj(k) = ^ , are given unit vectors and (., .) denotes the usual scalar product. 
Now we define 

v ^ t )=c^y(t) 

then, V s := (v £ ,b £ ), satisfies the following system 

f d t v £ - eAv £ + C^^P(C^v £ .VC^v £ )C^^F(cmlb £ x b £ ) + ^eC(^F(cmlb £ x e 3 ) = 
d t b £ - ^/eAb £ + (c( | V).W - b £ .V(c(±)v £ ) + ^ecml((c( ±)v £ ) x e 3 ) = 



div v £ = div b £ = 
(v £ ,b £ )(0) = (u ,b ). 
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This system can be re-written in the following way 

( d t V £ + Q £ {V £ ,V £ ) + a £ 2 {D)V £ + L £ {V £ ) =0 in 

(S £ ) I di V y £ = o 

[ V £ (0) = U = {u ,b ), 
where the "filtered" quadratic form Q £ is given by 



x T? 



Q £ (V,V) = )p(£(-)u.V£(-)u) )p(6.V6),(£^)w).V6-6.V(£ 

and, 

a%{D)V = ( -eAv,-y/eAb), 



L £ (v) = ^(c(—)d 3 b,d 3 c(-)v 



(LS) 



When e goes to 0, we obtain formally the following limit system 

d t V + Q°(V, V) = in Rf x 
div v = div 6 = 
V(0) = U = (u ,b ), 

where Q°(V, V) is the limit in V' of Q £ (V, V). 

3.1. Proof of Theorem 11.31 The proof is similar to the one of Theorem 11.21 We have 
just to estimate the term 



< q°(Vn,Vn),V n >H* 

where (v n , b n ) is the solution of the approximate limit system. Observe that 



lim 



< q £ (v n , v n ),v n > 



< q°(v n ,v n ),v n > H ° 



and using the product law given by Lemma \2.1\ we obtain 

< q°(v n ,v n ),v n > H ° < C / ||Vu n (r)||^ s _i dr 

Jo 

which completes the proof. ■ 

3.2. Proof of Theorem 11.41 The proof of this theorem is based on a method used in 
[7], [S] for instance. 

Let W £ = V £ -V = {v £ - v, b £ - b) = (W(, Wf ), then W £ satisfies 

d t W £ + Q £ (W £ , W £ + 2V) + a £ 2 (D)W £ + L £ {W £ ) = F £ + R £ osc 
div Wf = div Wi = 
W £ (0) = (0,0), ' 



where 



F £ 



-a £ 2 (D)V-L £ V 

( £ Av - y/iC(~)b; ^Ab - s/iC(^)v) 



nndRl sc = Q°(V,V)-Q £ (V,V). 

We recall that v and b are in the space Cj,(H s ), then 

F £ — .0 in C^{H S ~ 2 ) 
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precisely we are 

(3.8) \\F £ \\ c o {H s- 2) <C^- 

On the other hand, the oscillating term R £ osc can be written as follows. 

t t s t. 



^osc 



where 



(c(--)¥(C(-)v.VC(-)v)-q°(v,v),6) 
+ (£(~)F(b.Vb) - P(6. V6) , o) + (o,-(£(^)v).Vb + v.Vb 
+ (o,&.VT7-6.V(£(-^»), 

q°(v,v) =lim£( --)¥(£( -)v.V£(-)v) in V. 

see e 



In the sequel, for any three-vector field X, we shall note, 

X ± (n) = (X,u ± (n))iy ± {n). 

We can write 



1|- 



Rose — ^2 ^ 
k=0 

We begin by studying the term Aq. 

Al = C(-±M£(t)v.V£(±)v)-q (v,v) 

= q £ (v, v) — q°(v, v). 
By the non stationary phase's theorem we have 

F(Al)(t,n)= E e-^ n ^ m \(^vr(t,k).(^vr^t,m)r(n), 



where a = (01, a 2 , a 3 ) and oj a (n,k,m) = cr x ^ - a 2 j^ - o"3j^y- 
Hence we can write 

A l=F~ X ( E E e-^^K^k^f^^g^m)). 

Crg|±}3 fc + m=n 

Wcr(n,fc,m)^0 

Similarly, we have 

A\ =r 1 (l {n3/0} (n)e- , ^(f(kVi)) + (t, n ) + l { ^ 0} ( Il )e , ^(f(6.Vi))-(i, I! )), 
i4f = < F _1 ( ^ e^^(^) + (t,A;).(^V6)(t,n-A;)+^ e~^M (jFu)-(t, &).(;FV&)(t, n-A;)) 
and finally, 

A| = ^ _1 ( E e^(B)(f,ri-fc).(fV?;) + (t,fc)+^ e~*«fa (JF6)(i, n-fc).(^Vu)~(t, k)) . 

ks^O fc 3 ^0 

Since R e osc converges weakly to (but not "strongly"), we shall divide it (as in [7] for 
instance) into high and low frequencies terms. Precisely, for any integer iV > 1, we define 

A e o, N = (H\n\<N } E E e"* W^V^n, k, m)f a (t, k)g a (t, m)) , 

<7E{±} 3 k+m=n 

uj(j (n,fc ,m)^0 
\k\,\m\<N 
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A\ >N = T- 1 (l { „3^,|„|<JV}(n)e ^ (F(b.Vb)) + (t, n)+l {n .^ oM < N} (n)e 1 ^ (T(b.Vb)y (t, n)) , 

^!,JV = -? r " 1 (l{H<iV} Yl e i ^(^) + (^^).(^V6)(t,n-fc)+ e -^w(^)-(t,fc).(^V6)(t,n-fc)) 

k zl to 

\n-k\,\k\<N 

and 

fc 3 #0 
\n-k\,\k\<N 

Now, the idea is to absorb the low frequency terms. For that, we set 

Ao, N = F (l{|n|<w} 2^ 2^ . , , —r r a (n,k,m)f a (t,k)g a (t,m)), 

o-e{±} 3 fc+™=™ ff ' ' ' ' 

^J(7 (n,k,m)^0 
\k\,\n\<N 

^i,jv =^ (l{n 3 ^o,|n|<jV}(n) ^ (^(6.V6)) + (t,ra)+l {w3 ^ 0> |<jv } (n)— ^-(^(fe.Vfc)) (t,n)J, 
^I,iv = (l{|n|<^v } E r^^)"^ k).(J^7b)(t, „-fc)+L_-(^ v )-(t, fc).(^V6)(i, n-fc)) 

|n-fc|,|fc|<JV 

and 

Il^=^- 1 (l { | n | < ^ } £ ^(^6)(t,n-fc)-(^) + (*,fc)+ L ^(^6)(«,n-fc).(^V U )-(t,fc)) 

|n-fe|,|fc|<JV 

and we define 

3 

R 6 osc,N = E 
fc=0 

3 

z?e,AT jje T>e r>e \ ae 

n osc — n osc~ n osc,N> n osc,N — 2^/ k,N- 

k=0 

Considering ip e N = W e + £R £ osc n = ( 1 Pni-> 1 Pn2)i then ip £ N satisfies the following equation 

d t ip% + Q £ (^, ip% + 2sRl SCiN + 2V) + a £ 2 (D)(p e N + L%^ N ) = F £ + + er* OSCjN , 
where 

er osc,Af = e (Q e (^Lc,Af ; £ ^osc,Af + 2 ^)+ a l(- C) )^osc,Af + ^ £ (-Rosc,Af)) + (R%>sc,N + e ^^osc,Af) • 

Now, we have to studying the low frequencies terms. This study is easy. In fact, we have 
the following result. 

Lemma 3.2. A constant Cjv(T) exists, depending only T and N such that 

H- R osc,Af|lcO(H s - 2 )nL2,(^- 1 ) ^ Cn(T), 
\\ r£ osc,N\\L 2 T (Hs-2) < C N {T). 

Proof. Let us recall that all the functions considered here are truncated in low frequencies. 
Hence the result is simply due to the fact that v, b € C^(H S ), dtv, dtb 6 Cj,(H s ~ 2 ) and the 
following product law. ■ 
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Proposition 3.1. Let s be an integer, a > f . A constant C exists such that for all 
f E H a and g G H a+1 with div(f) = div(g) = 0, we have 

\<Q £ (f,g),f>H°\<c\\f\\ 2 H 49\\H^ 

and 

\<Q e (f,f),f>H°\ <C\\f\\ 3 H *. 

(The proof of the proposition used the fact C(t) is a isometri in the Sobolev space and 
lemma 12.11) . 



Lemma 3.3. For any function f £ Cj<(H s ) with s£K, the high frequency term 

f N = F- 1 (i [N , +oo[ Hf)) 

goes to zero when N goes to infinity in C^(H S ). 
Proof. Let us recall that 

\\f N (t)\\h= E \k\ 2s \nmM 2 - 

\k\>N 

So, the desired result is simply due to Dini's theorem which implies that ||/ goes 
to zero uniformly in t. ■ 

This lemma implies in a straightforward way the following result. 

Lemma 3.4. The high frequency term Ro' sc 9° es to zero in Cy,(H s ~ 2 ) D lJp{H s ~ l ) when 
N goes to infinity, uniformly in e; precisely \\R e osc\\c^(H s ~ 2 )r\L? r (H a - 1 ) — Vn with Vn ~^ 0- 

Now, we can end the proof of the theorem. By the energy estimate in H S ~ 2 (T 3 ) we obtain 

5^ll^ll^.-a+e||V^||^.-a + Ve||V¥^ >2 ||l r ,- a < |< F £ + R% N C + er £ osc , N , <p% > Ra _ 2 \ 

+2|< Q e (<p%,eR £ 0SC , N + V),<p% > H3 _ 2 \, 
+l< Q £ (. ( Pn,Vn)i c Pn >h°-i\ 

Which leads, using the product law (Proposition 13. ip . to 
1 d 



(i I^IIh— a < ^ [Il^l|jy»-a(ll0tf llff*-* + \\eR £ OSC)N + V\\ H s-i + 1 

+ \\F £ + Rlf c +erl 
Integrating this inequality and using Lemma 13.21 we obtain 

,(H»-2) + 4 ll-"-osc (ff«-2) 



WmWls-. < ^(r) 2 + 4e 2 ||An||^ +4|| J R^||^__ 2) 



+Ae 2 C N {Tf) +C^||^(r)|| 2 , s _ 2 (i?(r) + eC J v(r) + ||^(r)||^- 2 )dT, 

where B(T) = 1 + \\V\\ L ^^ Hs -2y 
We set 

T* = sup{ 0<t<T I ||^|U r(H ._ 2) < B(T) }. 
Then, for all < t < T* , we can write, 

||^(t)|lH.- a < eC N (T) 2 + 4e 2 \\u\\ 2 L2 (H a) +4r% + Ae 2 C N {T) 2 



+0(5(30+^(20) T ||^(r)||| r ._ 2 dr. 
J o 
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A classical Gronwall estimate gives 

||^(t)||^- 2 < (eC N {Tf + Ae 2 \\u\\l UHS) + ^ N +te 2 C N {T) 2 ) 

exp (cTB(T) + cTsC N (T)\ . 

For N large and e small enough we obtain, thanks to Lemma 13.41 

■ . , ... B(T) 

||^(t)||H.-2 < 

which easily implies that T* = T. 

Using Lemma 13.21 and letting e —* 0, N — > +oo, we obtain 

W e ^0 in C^{H S ~ 2 ). 
An interpolation argument concludes the proof of Theorem 11.41 ■ 



4. The case Q = R 3 

This section is devoted to study dispersion phenomena in the (MHD e ) system in the case 
of the space M 3 . Let us introduce the "linearized" equation in u £ of the first equation of 
(MHD E ). 

( 1 q 

d t u £ + -Lu £ = -Vp in R t x M. 3 , 

div u e = 
, u e (0) = u . 

In Fourier variables ( £ K 3 , we obtain 

Hence, we are led to study the following family of operators 

= [ f{y)e*p(Tit-%r + i(x-y)-ti)d£dy. 

We notice that the phase function m is almost stationary when £3 is almost equal to as 
well as when |^| is much larger then |^|. So, for some < r < R, let us define the 
domain C t ^r by 

C r ,R = {£ G K 3 ; |6| > r and |£| < R}. 
We consider tfi a cut-off function, which is radial with respect to horizontal variable 
61 = (^1^2) and whose value is 1 near C t ^r. 

First, we study the case when J-(f) is supported in C Ti r. We can write 

g e f(t,x) = */)(*), 

where the kernel K is defined by 

K(t,z)= [ V(£)e^ +i2 - f d£. 
As in [5], we recall the following property of K. 
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Lemma 4.1. For all r, R such that < r < R, there exists a constant C r>R such that 

\\ K (t, .)||l°°(r3) < C riR min{l,t~^}. 
Let us denote by w £ the solution of 



(PLF £ 



1 3 
d t w £ + -Lw £ = f in R t x K£ 

w; £ (0) = u)q. 



Lemma 14.11 yields, in a standard way, the following Strichartz-estimate (see [5]). 

Corollary 4.1. For all constants r and R such that < r < R, let C rjR be the domain 
defined above. Then a constant C TyR exists such that if 

suppJ r (wo) U suppT(f) C C r , R 

then the solution w £ of (PLF e ) with the forcing term f and initial data wq satisfies 

lk e ||L 4 (R+,L°°) < Cr^e* (\\w \\ L 2 + ||/||li(K+,L 2 ))- 

We notice that the constant C TyR does not depend on e. 

Using the above estimate, we are able to prove the convergence result. 

4.1. Proof of Theorem 11.51 We start by proving a convergence result for the Leray's 
solutions. We shall apply the method used in [S] for the first equation of our system. 
Let R > and x be a cut-off function in D(M) taking the value 1 near the origin. We set 

U R := X(^)u £ = (x(w^(u e )(0) • Tnen u r satisfies 



with 



d t u R + ~Y{u%xe 3 ) = f R , 



f R = - x ^JA)f £ Au £ + F{u £ X7u £ ) - F(b £ X7b £ ) - ^d 3 b £ 
R V 

By Duhamel's formula, we can write 

„,e _ O to- £ (D)„, , t Jt-t')a'(D) re 

u R -e j u ,r+ e y >f R {t)dt, 
Jo 

where a £ {^)u = x £• 

So we have 

\\ u r\\l^(l^(r3)) < \\e 'uq,r\\ l ^ (l°°(R3)) + II / e 7M* ) dt \\L*(L°°y 

J 

For the first term of the right side of the above inequality, we localize on C T)R . Hence, for 
all < r < R, we write 



e tae{D) u ,R\\LUL°°{R*)) < ll^ (D) x(^Ki?|lL4 (L ^ (K 3 )) + ||e iCT£ ( D )(/d- X (-^))n 0iK || L 4 {LOO(R 3 )) . 



Using Corollary 14.11 we obtain 

(4.9) lle^^no^H^^^)) < CT\ (R 2 r) l 2 \\u \\ L 2 + e^C r , R \\u \\ L 2. 
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For the other term we have 



fe^^f%{t')dt'\\ LUL ^ < || t\^^ D h{^)m')dt'\\ mL , 

Jo Jo r i 



) 



+ 11 f ^- t '^ D \ld- X {^))fmdn LUL ^y 
Jo r 

Corollary 14.11 and Bernstein's lemma imply the following 

\\^e^>^fUt'W\\ LULac) < CT^Rl\\x(^)x(^)rh ¥ ^) 

+C T , R eH(Id- x (^)) x (^)f\\ LW 

< cTiRi\\ x (^)x( l -^)r\\ LnL2) 

+Cr, R e\\\ X {^)f\\ mL2) . 

Now, we focus our attention to the first right term of the last inequality. 

X(— )x(^)/ £ = ex(— M^W - X (— )x(^W £ -Vu e ) 
r K r H r H 

+ x(— )x(^W-V& E ) + v^x(— )x(^)^ £ . 

r K r H 

First, notice that we have 

llx(^)x(^)P(^-Vu £ )|| L o ?(i2) < i?|| x (^) x (M)(^^)||^ (i2) 

< R(R 2 r^\\U \\ 2 L2 . 
Then, in a same manner as above, we obtain 

llx(^)x(^)n^W)||^ (L2) < R(R 2 r^\\Uo\\ 2 L2 



and finally 

HX(^)X(^)W| L?? (L 2 ) < rM^U^WW^^ < r||6 £ || L??{L2) < r\\U \\ 2 L2 . 
For the second right term we use 

IIX(^)/1^(L 2 ) < llx(^)P(^.Vn £ )|U ?(i2) + || X (M )P( ^.W)|| L ~ (L2) 

+ e || x (M )A« e || L c«, (i2) + ^||x(^)5 3 6 £ || i? o (L2) 
< Ci?l||C/ Q ||| 2 +Ci?l||C/ |li2+ J R||6 £ |Uo ? ( L 2 ) 



< 



CRmU \\ 2 L2 +R\\U \\ L 2. 
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Finally, we have 

II te^^imdt'h^ < CTiRl(\\U \\hR 2 r l >+r\\U \\ L 2) 
Jo 

(4.10) +C r , R e L iT(Rl\\U \\ 2 L2 + R\\U \\ L 2). 
Inequalities (|4.9p and (|4,10p imply in a simple manner that 

(4.11) u% — > as e -»• ; in L^(L°°). 
Using the embedding L°° * C~±, we deduce that 

u% — >0 as e — ► ; in h\(C~^). 
On the other hand, we have 

||u e — u%\\ „, i % < C||u £ — up II „ , 7, 

—-II en 

< Ci? 4|| U || L 2 (L 2( M 3)) 

and then by energy estimate 11.21 we conclude that 

(4-12) ^ £ - u rKkc-1) ~ CR-iT l 2\\U \\ L 2 m . 

Hence, inequalities (|4.1ip and (|4,12p and an interpolation argument, we can deduce the 
first part of Theorem 11.51 

Now, we come to the proof of the second part of Theorem 11.51 We recall that we have 

d t b £ = eAb £ + b £ .Vu £ - u £ .Vb £ - ^d 3 u £ . 
We take the scalar produce in H s ~ s with b £ — bo, we obtain 

\\b £ (t) -feo||^-3 < f \<b £ (T).Vu £ (T),b £ (T)-b > H s- 3 \dT 

Jo 

+ ( \<U £ (T).Vb £ (T),b £ (T)-b 0>Hs ^\dT 

Jo 

+e / \\Ab £ (T)\\ H s- 3 \\b £ (T) - boWHs-sdr 
Jo 

+V~e [ ||536 £ (r)|| H3 - 3 ||6 £ (r)-6o||^-3dr, 
Jo 



using the energy estimate f 1 1 . 2 [> and the following product law 

Lemma 4.2. Let a > 4 an integer and a, b and c three vectors field such that a £ 
H a (R 3 ) n C CT+ i(M 3 ), b G H a+1 (R 3 ) n C CT+ t(R 3 ), c G H a (R 3 ) and div a = 0. Then, a 
constant C(a) exists such that 

\< a.Vb,c > Ha \ < C(a)\\c\\H" min (||a|| cCT+ i ||V6||^; \\a\\ H o 

We obtain 

||6 £ (t)-6o||^- 3 < cVf\\(w ,b )\\ 2 Hs\W £ \\ r2(r3 _ h 



+C^||(^o,6o)|| 2 



L 2 T (C°-*) 



the fact 

u £ ^0 in L^(C s ' 7 i) 
and an interpolation argument, we can deduce the desired result. 
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4.2. Proof of Theorem 11.71 We used the following lemma 

Lemma 4.3. For a G (iF"(M 2 )) 3 and b,c £ (H a (R 3 )) 3 (a > eqi an integer) such that 
divh, a = 0, then 

|< a.Vb,c> H a + < a.Vc,6 >hA < C||a||ff CT ||6||h ct ll c ll-H'' T 
|< a.X7b,b > H <r\ < C||a||H CT ||&||H CT 



Moreover, if a G (H a+1 (M 2 )) 3 , th 



en 



|< 6.Va,c >jja\ < C||a||^«T+i||b||ii-<T||c||if<r 

and the approximate system 
(MHD3D n ) 

d t w - eAJ n w + -J n w x e 3 + ^d 3 J n B - J n (J n B .V J n B) 
= VA _1 div ( J n (J n B .V J n B) J n w x e 3 



d t B e - y/eAJ n B + ^d 3 J n w + J n {{J n u £ + J n w).VJ n B) in [0, T ] x M 3 

-J n {J n B.V{J n u £ + J ft w)) = 

(u>, B)(0) = (J n ^0, Jnbo) 

(div w,div B) = (0,0). 

The Lemmas 12.11 and 13.11 implies that (MHD3D n ) have a ordinary differential equation 
form in H S (R 3 ), then there exists W n := (w n , B n ) G C^fO, T* >£ ), H S (R 3 )) a maximal 
solution of (MHD3D n ). The uniqueness and the fact J 2 = J n implies that J n W n = W n . 

Moreover T* > T\ := — .... — n — — n and for all t G [0, Tx] 

C(s)(||«o||h.+i + || (wo, MIIhO 

(4.13) \\W n {t)\\ 2 H s + 2e [ \\Vw n \\ 2 HS +2^~e f \\VB n \\ 2 HS < 2\\(w ,b )\\ 2 Hs . 

Jo Jo 

In the end we used the proof of theorem II. 5\ we obtain existence of a W £ := (w £ ,B £ ) G 
L°°(H S ) n L 2 Ti {H s+1 ) solution of (MHD3D £ ), satisfy for all t G [0,Ti] 

(4.14) \\W £ (t)\\ 2 HS + 2e / \\Vvf\\ 2 H .+2y/i f \\VB £ \\ 2 HS < 2\\{w ,b )\\ 2 Hs . 

Jo Jo 

The proof of the uniqueness is easy. ■ 



4.3. Proof of Theorem 11.81 We posed v 
following system 



(MHDF £ 



= u £ — u £ , then (v £ ,b £ ) is solution of the 
dtv £ — eAv £ + v £ .^7v £ + v £ .\7u £ + u £ .\7v £ 



-curl b £ x ¥ + A/ecurl b £ x e 3 + 



ir x e 3 

£ 



y/eAb £ + u £ .Vb £ + v £ .Vb £ - b £ .Vv £ 

—b £ .Vu £ + v^curl (v £ x e 3 ) 
div v £ 
div b e 

(v e ,b £ ) /t=0 







{wo, bo) 
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VA 1 div (j n (J n v.VJ n v) + J n (J n v.VJ n u £ ) + J n (J n u £ .VJ n v) 



Now we consider the approximate system 
(MHDF^) 

d t v - eAJ n v + J n (J n v.VJ n v) + J n (J n v.VJ n u £ ) + J n (J n u e .V J n v) 
+ J n (J n u £ .V 'J n v) - J n (curlJ n 6 x J n b) + -v/ecurl J n b x e 3 + 

J n v x e 3 

H — + J n (J n u £ .V J n v) - J n (cuiU n b x J n b) + ^/ecurl J n 6 x e 3 J , 

d t b - ^AJ n b + J n (J n u £ .VJ n b) + J n (J n v.VJ n b) in [0,T o ]xl 3 

- J n (J n b.VJ n v) - J n (J n b.VJ n v) - J n {J n b.VJ n u £ ) 

+ ^/ecurl (J n v x e 3 ) = 

div v = div 6 = 

(v,b)(0) = (J n w ,J n bo) 

We use Lemmas 12.11 13.21 we proof that (MHDF^) have a ordinary differential equation 
form in H S (R 3 ), then there exists V n := (v n , b n ) G C 1 ([0, T* e ), i/ s (M 3 )) a maximal solution 
of (MHDF^). The uniqueness and the fact J 2 = J n implies that J n V n = V n . The Lemmas 
O and O implies T*^ £ > T x and for all t £ [0,Ti] 

(4.15) ||K,(t)||ff. + 2e / ||Vu„||^. + 2 > /i/ || V6 n ||fP < 2||(u;o, 60) III- 

io Jo 

The end is similar of the proof for Theorem 11.51 then we obtain existence of a V e := 
(v £ ,b £ ) 6 L%?(H S ) n L 2 Ti {H s+1 ) solution of (MHDF £ ), satisfy for all t £ [0,Ti] 

(4.16) ||y £ (t)||^ +2e /" ||Vt> e |&.+2v£ f \\Vb £ \\ 2 H s < 2\\(w ,b )\\ 2 H s. 

Jo Jo 

The proof of the uniqueness is easy. ■ 



4.4. Proof of Theorem [OS We posed if; 6 := (u £ - u £ - w £ ,b £ - B £ ) = (^Vl), V> £ 
satisfy the followings equations 



where 

/f : = -V/-V'f.VV'f-V'f-Vn £ -n^VV'f+^.V^+V'I.VB e +S^VV'f-w^Vu £ -'u £ .Vu' e 

/| : = -V'f.VV'l - w e .V^| - u £ .Vip £ 2 - iPf.VB £ + B £ .Vipt + V4-Vu e + ^|.V^f + ip £ 2 .Vw £ . 
We take the scalar produce in iiP _3 (R 3 ) we obtain 

(4-i7) ~u e \\%^+e\mi\\ 2 H ^ + ^A-s < f> 

fe=l 
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where 

h:=\< Vf-VV'f,^! >h<-s|> h ■= |< u £ .Vipl, ipf > H s- 3 \ 
I 3 :=\< ^f.V« £ ,Vl >H"~A, h := |< ip £ 2 -VB £ ,i;l > H s- 3 \ 
h ■= |< ^f.VVf, V'l >i/-3 +< V4-Wf,V4 >ff.-a| 
7 6 := |< B e .Vifj e 2 , i)\ > R3 - 3 + < £ e .Wf, VI >h-s| 
I 7 := |< ^f.V^|,Vl >ff.-s|, Is := |< ^f.VB e ,V| > HS - 3 | 
J 9 := |< u B .WIi^ >fr— a|> J io : = l< w £ .Vip £ 2 ,ip £ 2 > H s-s\ 
In := |< ip^.Vu 6 ,^ > HS -s\, I12 ■= \ < ^2^ wS ^i >H s ~ :i 
I 13 := |< u £ .X7w £ , ip{ > H s-s\, hi ■= \ < w £ .X7u £ ,ip £ > H s- 3 



Using Cauchy-Schwarz inequality and the fact H s 3 is an algebra we obtain 

(4.18) h < C7||5l^- 2 ||V>f||^-3||V4ll/p-3 <cu £ \\ 2 HS - 3 

(4.19) h < C||5 £ || HS - 2 ||^||^-3||^!H^-3<C||^||| S _ 3 

(4.20) I 12 < CH^H^I^f ||^-3 ||Vl||^-3 <C||V £ ||^ 3 . 



Using lemma I4T31 we obtain 



4.21) 


h 


< 


C\ 


i\ 


3 

\H S - 


-3 


< c\m\ 2 Hs . 3 




4.22) 


h 


< 


C\ 


u £ \ 


H"- 


-A 


m 2 H s- 3 <c\\r\\ 2 HS - 


-3 


4.23) 


h 


< 


c\ 


u £ \ 


H s ~ 


-A 


m 2 H *-s < c\m\ 2 H s- 


-3 


4.24) 


h 


< 


c\ 






- 


m\\ 2 H s- 3 <cu £ \? H s 


-3 


4.25) 


h 


< 


c\ 


B £ 




-3 


WzWhs-AWiWh*-* < 


cu 


4.26) 


h 


< 


c\ 






-3 


mf H s-s <c\m? H . 


-3 


4.27) 


h 


< 


c\ 


u £ \ 




-I 




-3 


4.28) 


ho 


< 


c\ 


w £ 




-2 


lvill^-3 < clinic 


-3 


4.29) 


hi 


< 


c\ 


u £ \ 




-1 


^111^-3 <C||^||| a . 


-3 ■ 



' £ |l^-3 



The difficult is the terms -Z13 and /14, for exemple study the term /14. 
Set x £ T>(M.) valu 1 near the origin. For R > we pose 



w £ R :=T-\x(}%)H^)l w £ R := w £ - w £ R . 



We have 

Il4 < J + J, 
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where J := |< w R .Vu £ ; ipf > H3 ^ 3 \, J :=\< w £ R .Vu £ ;t/j £ > Hs --i\ 
• Study of J 



J = I Yl [ d a (w £ R .Vu £ )d a ij £ 1 \ 

\a\<s-3/3<a 

< Y c *\ j dPw R- vda ~^ £da ^\- 



For any a, (3 we have 

I y d^.v^-^d^fi = I J Hd p w £ R ) x {^)T{vd^¥d^\ 

= | J ^ W £ R )T-\ X {^)H^d^u £ d^\))\ 



< \\d?w R \\ L ~ wr-Hxi^)) * r- 1 (.F(vs°-%*0°^)) Ik! 



Young inequality and the fact 

(*) Ct ^ L 

we have 



< ^||^|| cs _ 3+ i||v^-^||^||9>f|| i2 



the property (*) imply 

d^w £ R .Vd a ^u £ d^l\ < C R \\w R \\ cs _ 3+l \\u £ \\ cs _ 2+ iM\\ HS - 3 
the Sobolev injection 

H a (R 2 ) ^ C CT_1 (R 2 ) 

imply 

| y d^w £ R .Vd a ~^u £ d a i){\ < C ii ||^|| cs _3 + i||u £ || ffS _3 + 1 ||^ 1 |k 

< C , fl||«^|| c ,_ 3+ i||^f|| H .-3 
(4-30) < CflH^H^j +||^||| 3 -3. 



s-3 
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Study of J 



J = \{w e R .Vu E ;ipl) H s- 3 \ 



\a\<s-3' 

< E C «l / d (3 w £ R .Vd a -^u £ d a if^ £ 1 \ 

\a\<s-3 /3<a J 
|a|<s-3/3<o 

< c\\w%\\ hs - 3 m\\hs-3 e e^ii^^h^ 

|a|<s-3/3<Q 

< Cll^ljll^-HIV'fll^-sll^ll^-a+l 



< C\\w £ R \\ H s-3\\lpf\\ H s-3. 

The fact ^"(to^) = in B(0,R), imply 



|iZkI|j3-»-3 < R 3 \\vj £ \\h" 
C.R- 3 



then 



J < C.R- 3 \\ipl\\ Hs - 3 

2|L/,£| 



< c.ir^||Vi||i/s-3 
(4.3i) < ai?- 4 + |^f||^_ 3 . 

Using (^T71) ... (OTT) we obtain 

||^(t)||^-a < C.R- 4 + C R \\w £ R {r)f k dr + C f ||^(r)|| H .- 3 dr, 
Gronwall lemma imply 

\W{t)f H s-z < (aR^ + CR^llwU^f^d^expiC^), 
The proofs of Theorem 11.51 and 11.71 imply that 

w £ R ^0 in L 4 ([0,Ti],C s '~t), Vs' < a; 
we can deduce the desired result. 



5. Appendix 

In this section we shall prove the product laws stated in Lemmas 12.11 14.21 and 14.31 
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5.1. Proof of Lemma 12. 1L We suppose that a,b,c are three vectors hides in H c 
such that div a = 0. 



For the hrst point: 
We write 



then 



|< a.Vb, b > H c 



E I d a (a.Vb)d a b\, 

N<<T 



\<a.Vb,b> H „ m \ < E l/ d a (a.Vb)d a b\ 



\ot\<o 

< E E C « A ^ 

\a\<al3<a 



where 



A a ,p := | J (d p a.Vd a ~^b)d a b\. 



The most important term is for \a\ = a. 

• div a = imply that A ajCe = 0. 

• For < \(3\ < a, we are 



A a , a < J la^allV^&H^&l 



For (5 = 0, 



< \\d a -Pa\\ L ™ || Vd%\\ L 2 \\d a b\\ L 2 

< H^all^llVbH^ 

< HVall^.nllVfeU^ 

< CUVoll^-illVftll^.! 

A a ,p < j |a Q a||V6||a Q 6| 

< ||9 Q a|| L2 ||V6|| L oo||9 Q 6|| L2 

< ||Va|| Hff _i||V6|| ci ||V6|| H .-i 

< C||Va[| H a-i[|V6[| |||V&|| H <,-i 

< CUVall^-illVftlll^ 



For the second point, we write 

| < aV6, c> H a + < aVc, b > H a \ 



E ( / d a {aVb)d a c+ I d a (aVc)d a b) 



a£N 3 
| a | <cr 



< E E C & B aJ>> 



\ol\ <tJ 



where 



B a ,p ■= | J (d a ~ l3 a.Vd^b)d a c + j (d a -^a.Vd^c)d a b\ 



The most important term is for |a| = a. 
div a = imply that B a ^ a = 0. 
For [5 ^ a we apply the hrst step. 
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5.2. Proof of Lemma 14.21 We write 

|<a.V6,c>^ (M 3)| = \J2 J d a (a.Vb)d a c\ 



\a\<(j 

[ d a (a.Vb)d a c\ 

\a\<a 

E E ^ / {d a ~ P a.Vd l3 b)d a c\ 



\a\<cr(3< 
\a\<a 0<a 



where 



D a ,i3 := | J {dP- p aMd p b)dPc\ 
the Cauchy-Schwarz inequality imply 

D a ,p < \\d a -P a .vdPb\\ L2 \\d a c\\ L2 

< \\d a c\\ L 2 min (H^oll^ \\VdPb\\ L o. , H^olUoo || V^6|| L2 ) 

< \\d a c\\ L 2 min {\\^a\\ L , || Vd^b\\ d , ||d Q ^a|| c i || V^6|| i2 ) 

< \\c\\h" min (\\a\\ H ° || V&H^+i , ||a|| c „ + i || Vb\\ H °) 
This achieves the proof. 

5.3. Proof of Lemma 14.31 We write 
|< a.Vb,c> H „ m + < a.Vc,b > H „ m \ = | ^ J d a (a.Vb)d a c + J d a (a.Vc)d a b\ 

\a\<<? 

= I E E C «( / (d a ~ l3 a.Vd l3 b)d a c 

\a\<a/3<a 

+ J (& x -Pa.Vd< 3 c)d a b) | 
< E E C &«fi> 

\a\<a f3<a 

where 

E a , p :=\ j\d a - p a.Vd p b)d a c+ J {d^a.Vd? c)d a b\. 

The most important term is for \a\ = a. 

• div^ a = imply that E aa = 0. 

For (3 £ a we are E a> p < + E® p , 

where eQ, = \ f (&*- f> a.Vd p b)d B, c\ and E^p = \ f {d a -^a.Vd^c)d a b\. 

• < < a -2. 

In this case we have 

Using the injections 



we deduce 



H 1+ h(R 2 ) ^ d(M. 2 ) ^ L°°f]R 2 ) 



< C||a|| H( T( M 2)||V6|| HCT -i( R 3)||Vc|| H[ T-i( R 3). 
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• a- 1 < \p\ < a. 

If we denote x = (xi, X2,x 3 ) := (xh,xz), then 



< / ( / \d^a{x h )\\Vd a ^b{x h ,x 3 )\\d a c(x h ,x 3 )\) 

Jx 3 V Jx h 

< ||a%|U 2(R2) ( f \\Vr-Pb{x 3 )\\l„p a) dx 3 )* U \\d a c(x 3 )\\ 2 L2{R2) dx 3 ] 



x 3 'Ji3 



But 



|Vcr-^(x 3 )|| L oc (R2) < c\\vd a ~Pb( 



x 3 



< c\\vd a -^b(x 3 )\\ H 2 

\\d a c(x 3 ) \\ 2 L 2 {W) dx3) 2 = H^cll^^s), 



and 



so 



v Jx 3 ' 



E a ,/3 < l|a||^(R2)||V6|| HCT -i( R 3)||c||^ CT ( R 3). 
For the second estimate we remark that, if c = b, 

div/j a = imply E a<a = for all |a| < a. 
For the third point we write 

|< b.Va,c> H , m \ = | J d a (b.Va)d a c\, 

\a\<a 

then 

|< b.Va,C> H „ m \ <J2J2 C a F a,f3, 
\a\<af3<a 

where 



F a ,p ■= I J {d< 3 b.Vd a -l 3 a)d a c\. 



The most important case is when |a| = a. 

• For 3 < < (7, we can write 

F aj p < || Vd^ah^ 11^611^^3)11^011^ 

But 

||V<9 a ~^a||£oc,( K 2) < C||a|| H( r( R 2). 

So 

F a ,p < C||a|| jH -cr(R2)||6|| jH - CT (- R 3)||c|| jH -, 

• For \(3\ < 2, we have by the Cauchy-Schwarz inequality 

Vd a ^a(x h )\\d^b(x h ,x 3 )\\d a c(x h ,x 3 )\ 











< 


l|va a -%| 



x 3 ' "Jx 3 / 



< C\\a\\ H a + l(^2)\\b\\ H v(^Z)\\c\\ H c 

This end the proof of lemma 14.31 
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